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Epidemic dynamics on an adaptive network
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Many real world networks are characterized by adaptive changes in their topology depending
on the state of their nodes. Here we study epidemic dynamics on an adaptive network, where the
susceptibles are able to avoid contact with infected by rewiring their network connections. This gives
rise to assortative degree correlation, oscillations, hysteresis and 1st order transitions. We propose
a low-dimensional model to describe the system and present a full local bifurcation analysis. Our
results indicate that the interplay between dynamics and topology can have important consequences
for the spreading of infectious diseases and related applications.
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In the physical literature the dynamics of complex net-
works has recently received much attention, with many
applications in social, biological and technical systems

, E] In particular, most research has been directed
in two distinct directions. On the one hand, attention
has been paid to the structure of the networks, reveal-
ing that simple dynamical rules, such as preferential at-
tachment or selective rewiring, can be used to generate
complex topologies B, E, E, E] Many of these rules
are not only a useful tool for the generation of model
graphs, but are also believed to shape real-world net-
works like the internet or the network of social contacts.
On the other hand research has focused on large en-
sembles of dynamical systems, where the interaction be-
tween individual units is described by a complex graph
ﬂ, §,0d, [id, i, g, [d, hid, E] These studies have shown
that the network topology can have a strong impact on
the dynamics of the nodes, e.g., the absence of epidemic
thresholds on scale free networks ﬂ, ] or the detrimen-
tal effect of assortative degree correlations on targeted
vaccination ﬂﬂ] In the past the cross fertilization be-
tween these two lines of thought has led to considerable
advances. However, the dynamics of networks and the dy-
namics on networks are still generally studied separately.
In doing so, a characteristic features of many real world
networks is not taken into account, namely the ability to

adapt the network topology dynamically in response to
the dynamic state of nodes ,ﬂ, E, EYE]

Consider for example the spreading of an infectious dis-
ease on a social network. Humans tend to respond to the
emergence of an epidemic by avoiding contacts with in-
fected individuals. Such rewiring of the local connections
can have a strong effect on the dynamics of the disease,
which in turn influences the rewiring process. Thus, a
complicated mutual interaction between a time varying
network topology and the dynamics of the nodes emerges.

In this Letter we study a susceptible-infected-
susceptible (SIS) model on an adaptive network. We
demonstrate that a simple intuitive rewiring rule for the
network connections has a profound impact on the emerg-

ing network, and is able to generate specific network
properties such as a wide degree distribution, assortative
degree correlations and the formation of two loosely con-
nected sub-compartments. The dynamical consequences
are the emergence of new epidemic thresholds (corre-
sponding to first order transitions), the coexistence of
multiple stable equilibria (leading to hysteresis), and the
appearance of an oscillatory regime, all of which are ab-
sent on static SIS networks.

We consider a network with a constant number of
nodes, N, and bidirectional links, K. The nodes rep-
resent individuals, which are either susceptible (S) or
infected (I). In every time step and for every link con-
necting an infected with a susceptible (SI-link), the sus-
ceptible becomes infected with the fixed probability p.
Infected recover from the disease with probability r, be-
coming susceptible again. In addition, we allow suscep-
tible individuals to protect themselves by rewiring their
links. With probability w for every SI-link, the suscepti-
ble breaks the link to the infected and forms a new link
to another randomly selected susceptible. Double- and
self-connections are not allowed to form in this way.

To study the effect of adaptive rewiring consider the
threshold infection probability p* that is necessary to
maintain a stable epidemic. On a random graph with-
out rewiring (w = 0) the basic reproductive number,
which denotes the secondary infections caused by a sin-
gle infected node on an otherwise susceptible network is
Ry = p(k)/r, where (k) = 2K/N is the mean degree of
the nodes Ea] Demanding that exactly one secondary
infection is caused yields p* = r/(k). If rewiring is taken
into account a single infected node will in average loose
a constant fraction w of its links. Therefore the degree
of such a node can be written as k(t) = (k) exp (—wt),
where t is the time since infection. By averaging over the
typical lifetime 1/r of an infected node, we obtain the
threshold infection rate

. w

pr = . 1
(1 —exp (/) .
Note, that this corresponds to p* = r/(k) for w = 0, but
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FIG. 1: Structure of adaptive networks. Plotted is the mean
nearest-neighbor degree (kn») (top) and the degree distribu-
tion py for susceptibles (bottom, circles) and infected (bot-
tom, dots) depending on the degree k. (Left) Indiscriminate
rewiring: the network is a random graph with Poissonian de-
gree distributions and vanishing degree correlation. (Center)
No local dynamics (p = r = 0): the infected and susceptibles
separate into two unconnected random sub-graphs. (Right)
Adaptive network with rewiring and local dynamics (w = 0.3,
r =0.002, p = 0.008): the degree distributions are broadened
considerably and a strong assortative degree correlation ap-
pears. The plots correspond to N = 105, K = 10°.

p* = w/{k) for w > r. Thus, a high rewiring rate can
significantly increase the epidemic threshold and thereby
reduce the prevalence of the epidemics.

In comparison, the effect of adaptive rewiring on the
topology is more subtle. Let us first consider the triv-
ial case in which rewiring is independent of the state of
the nodes (Fig. [ left). In this case the degree distribu-
tion becomes Poissonian and the average degree (k) of
the next neighbors of a given node is independent of the
degree k, as one would expect in a static random graph.

Now, assume that the adaptive rewiring rule described
above is used, but the local dynamics is switched off,
r =p =0, (Fig. [ center). In this case the density of in-
fected, 4, and susceptibles, s = 1 — ¢, stays constant|21].
However, the number of Sl-links is reduced systemati-
cally over time until the network has split into two dis-
connected clusters, one of which is occupied by infected
while the other is occupied by susceptibles. Assuming
that we start with a random graph, the per-capita den-
sities of SS-, II- and SI-links are initially lss = s%(k)/2,
lH = 22<k>/2 and lSI = <k>/2 — ZSS — lH = Si<k>, respec-
tively. With adaptive rewiring, in the stationary state
all ST links have been converted into SS links so that
Iss = (1 —4?)(k)/2 and Ig; = 0. Consequently, suscep-
tibles and infected assume different degree distributions
Pk, in which the mean degree of a susceptible node is
(ks) = (1 +4)(k) and the mean degree of an infected
node is (k;) = i(k). While both clusters are still indi-
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FIG. 2: Degree correlation index rcorr |29] as a function of
the rewiring rate (top). Furthermore, the mean p (center)
and the variance o (bottom) of the degree distributions for
susceptibles (circles) and the infected (dots) are shown. Both
quantities have been normalized with respect to their values in
arandom graph without rewiring, fi and 52, respectively. The
plots correspond to N = 10°, K = 10°%, » = 0.002, p = 0.008.

vidually Poissonian, the susceptible cluster has a higher
connectivity. Since (kp,) is independent of k in each of
the two clusters, the degree correlation within the cluster
vanishes. However a considerable net degree correlation
Teorr > 0 [22] can arise if both clusters are considered to-
gether because (k) is larger for the susceptible cluster.

Finally, consider the case with both adaptive rewiring
and epidemic dynamics (Fig. [, right). Even though
rewiring is not fast enough to separate infected and
susceptibles completely, it still structures the system
into two loosely connected clusters of susceptibles and
infected (e.g., ls1 =~ 0.01(k) in the figure). While
inter-cluster connections are continuously removed by
rewiring, new ones are formed by recoveries in the in-
fected cluster and infections in the susceptible cluster.
This leads to large temporal fluctuations in the degree of
a node. As long as an individual is susceptible, its de-
gree is increasing approximately linear in time, k= wlsy,
due to the rewiring activity of the other susceptibles.
In contrast, the degree of infected decays exponentially,
k ~ —wk. In this way, a complicated dynamical equi-
librium can form in which the average number of inter-
and intra-cluster links as well as the density of suscepti-
bles and infected stays constant. In this equilibrium the
continuous rewiring of connections leads to broadened de-
gree distributions for both infected and susceptibles and
a positive (assortative) degree correlation.

The effect of adaptive rewiring on the emerging net-
work structure is further quantified in Fig. @ With in-
creasing w the degree correlation grows rapidly. More-
over, the mean degree of the susceptibles increases while
the degree of the infected decreases slightly. Even more



pronounced is the increase in the variance of the degree
distribution of susceptibles, e.g., for w = 0.6 the vari-
ance o2 rises by a factor of 100 in Fig. @ This indicates
the formation of strongly connected hubs and temporar-
ily isolated nodes, which are rapidly reconnected because
of rewiring.

As we have shown adaptive rewiring promotes the iso-
lation of infected individuals, which can significantly in-
crease the epidemic threshold. However, in doing so
rewiring introduces a mixing of connections in the pop-
ulation and also leads to the formation of a highly con-
nected susceptible cluster, which is characterised by a
large variance of the degree distribution and hence has
a lower epidemic threshold. Therefore the local effect of
rewiring tends to suppress the epidemic while the topo-
logical effect promotes it. In order to investigate the
dynamics caused by the opposing effects of rewiring it is
useful to consider a low dimensional model. From the dis-
cussion above both the dynamic state and the topological
structure of the network can be described in terms of the
mean field quantities ¢ and lgg and l;;. To describe the
time evolution of these variables we apply the moment
closure approximation proposed by [23]. In this pair ap-
proximation the density of all triples [, in the network
with the respective states a, b, ¢ € [S, I] are approximated
by labe = lablpe/b, i.e., as the product of the number of
ab-links I,; and the probability l,./b that a given node
of type b has a be-link. This leads to a system of three
coupled ordinary differential equations

d

ai = plSI —ry (2)
d lst
—lir = pl — +1) =27 3
T pSI(S+> Tl (3)
d _ 2plgilss

d_tlSS = (r—l—w)lgl (4)
The first term in Eq. @) describes the infection of sus-
ceptible individuals, while the second term describes re-
covery. These two processes also effect the dynamics of
the links. The first term in Eq. @) corresponds to the
conversion of SI links into II links as a result of new infec-
tions while the second term represents the conversion of
IT links into ST links as a result of recovery. Equation ()
is analogous except for the fact that the conversion of
SI links into SS links by rewiring has been taken into
account.

In Fig. B the analytical results from the low order
model are compared with direct numerical simulations
of the full model. Without rewiring, there is only a sin-
gle, continuous dynamical transition, which occurs at the
well known epidemic threshold, p*. As the rewiring is
switched on, this threshold increases in perfect agreement
with Eq. [@). While the epidemic threshold still marks
the critical parameter value for invasion of new diseases
another, lower threshold, corresponding to a saddle-node
bifurcation, appears. Above this threshold an already
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FIG. 3: Bifurcation diagram of the density of the infected *
as a function of the infection probability p for different values
of the rewiring rate w. In each diagram i* has been com-
puted analytically from Eqs. @) (thin lines). Along the sta-
ble branches these results have been confirmed by the explicit
simulation of the full network (circles). Without rewiring only
a single continuous transition occurs at p* = 0.0001 (a). By
contrast, with rewiring a number of discontinuous transitions,
bistability and hysteresis loops (indicated by arrows) are ob-
served (b-d). Fast rewiring (c, d) leads to the emergence of
limit cycles (thick lines indicate the lower turning point of
the cycles), which have been computed numerically with the
bifurcation software AUTO[24]. Parameter values N = 10°,
K =10° and r = 0.002.

established epidemics can persist (endemic state). In
contrast to the case without rewiring the two thresholds
correspond to discontinuous (1st order) transitions. Be-
tween them a region of bistability is located, in which
the healthy and endemic state are both stable. Thus, a
hysteresis loop is formed.

Our numerical simulations show that the presence of
a hysteresis loop and first order transitions is a generic
feature of the adaptive model and can be observed at all
finite rewiring rates. While increasing the rewiring rate
hardly reduces the size of the epidemic in the endemic
state, the nature of the persistence threshold changes at
higher rewiring rates. First, a subcritical Hopf bifurca-
tion, which gives rise to an unstable limit cycle replaces
the saddle-node bifurcation. At even higher rewiring
rates this Hopf bifurcation becomes supercritical. Since
the emerging limit cycle is now stable, the Hopf bifur-
cation marks a third threshold at which a continuous
transition to oscillatory dynamics occurs. However, these
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FIG. 4: Two parameter bifurcation diagram showing the de-
pendence on the rewiring rate w and the infection probability
p. In the white and light grey regions there is only a single
attractor, which is a healthy state in the white region and an
endemic state in the light grey region. In the medium grey
region both of these states are stable. Another smaller region
of bistability is shown in dark grey. Here, a stable healthy
state coexists with a stable epidemic cycle. The transition
lines between these regions correspond to transcritical (dash-
dotted), saddle-node (dashed), Hopf (continuous) and cycle
fold (dotted) bifurcations. The transcritical bifurcation line
agrees very well with Eq. (1). Note, that the saddle-node and
transcritical bifurcation lines emerge from a cusp bifurcation
at p = 0.0001,w = 0. Parameters as in FigBl

oscillations can only be observed in a relatively small pa-
rameter region (s. Fig.Hl) before the persistence threshold
is encountered, which now corresponds to a fold bifurca-
tion of cycles.

In summary, we have shown that the interplay between
the dynamics and topology of an adaptive network can
give rise to rich dynamics. Here we have studied only
the simplest example of an adaptive network, in which
the number of nodes and links remains constant and the
local dynamics is simple. Nevertheless, the adaptive na-
ture of the system gives rise to dynamical features, like
bistability and cycles. While we observe stable oscilla-
tions only in a small parameter region, the fact that they
already appear in this simple example indicate that they
can also be expected in more complex models. In fact, we
have found much larger oscillatory regions in other model
variants with different rewiring rules. Besides epidemic
dynamics our findings also have strong implications for
the spreading of information, opinions and beliefs in a
population, which can be described in a similar way.

For the control of real world diseases adaptive rewiring
is beneficial since it increases the invasion threshold and
also the persistence threshold for epidemics. However,
the topological changes that are induced as a natural
response to an emerging disease are cause for concern.
The topology of at the peak of a major epidemic can
be very different from that in the disease-free state. In

particular, positive degree correlations can rapidly arise,
reducing effectiveness of targeted vaccination. Further,
the formation of a densely linked cluster of susceptibles
at high infection densities can enable the persistence of
diseases which would not be able to persist at low infec-
tion densities. Therefore, a disease which seems to be
a minor problem while it is rare can be very difficult to
combat once it has reached an endemic state.
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